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Q ■ Abstract 

CO ' Let Qk denote the fc-dimensional hypercube on 2 k vertices. A vertex in a subgraph of Qk is 

full if its degree is k. We apply the Kruskal-Katona Theorem to compute the maximum number 
of full vertices an induced subgraph on n < 2 k vertices of Qk can have, as a function of k and n. 
, This is then used to determine min(max(| V(Hi)\, |V(i?2)|)) where (i) Hi and Hi are induced 

' subgraphs of Qk, and (ii) together they cover all the edges of Qk, that is E(Hi)L)E(H2) = E(Qk). 

^ . 2000 MSC: 05A15, 05C35. 

-1— > . 

Keywords: hypercube, induced subgraphs, maximin recurrence, Kruskal-Katona Theorem. 

1 Introduction 

> 

l/^ ' The maximum number f(n) of edges of an induced subgraph on n vertices of the hypercube Qk, 

where k > [lgn], has been studied extensively in [8], [H], [5], [5J, and [3] to name a few articles. 
The function f(n) satisfies, and is determined by, the well-known divide-and-conquer maximin 
recurrence 



CN 



f(n)= max (min(ni, n 2 ) + f(ni) + /(n 2 )) , (1) 

n\+ri2=n 
ni,n2>l 



and can be expressed compactly by the formula f(n) = ^2" = q s(i), where s(i) is the sum of the 
digits of i when expressed as a binary number. The function / and its number sequence (/(n))^L = 
(0, 1, 2, 4, 5, 7, 9, 12, 13, 15, 17, 20, . . .) is given in [2, A000788], where it is presented by a different 
recursion. The divide-and-conquer maximin recurrence (pQ) is one of the most studied recurrences, 
especially since it occurs naturally when analysing wort-case scenarios in sorting algorithms [13J. 
The maximin recurrence is also one of the few such maximin recurrences that have a solution 
f(n) that can be expressed explicitly by a formula. 

Clearly the hypercube Qk is a subgraph of the fc-dimensional rectangular grid graph Z fc . It is 
interesting to note that for k > [lg n\ the maximum number of edges of an induced subgraph on 
n vertices of Z fc is the same if we restrict to Qk, namely f(n). However, if we consider k fixed 
and consider the maximum number gfc(n) of edges of an induced subgraph on n vertices of the 
grid graph then the only cases where a formula for gk(n) is known is for k E {1,2}: trivially 
gi(n) =n—l, and 52 ( n ) = \2n — 2^/n\ as proved in [7j. For k > 3 no formula for gk(n) is known, but 
the first few terms of (g 3 (n))™ =1 = (0, 1, 2, 4, 5, 7, 9, 12, 13, 15, 17, 20, . . . ) is given heuristically in [H 
A007818]. - In short, considering k fixed (and hence not allowing conveniently large dimensions) 
makes it harder to solve such maximin problems. 
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The purpose of this article is to consider a related problem of induced subgraphs on n vertices 
of the hypercube Qk where we consider k fixed. A vertex of a subgraph of Qk is called full 
in the subgraph if its degree is k. If we let <j)k( n ) be the maximum number of full vertices an 
induced subgraph on n vertices of Qk can have, then (i) we show that 4>k(n) satisfies a divide-and- 
conquer maximin recurrence (|8j), and (ii) we derive its solution, namely the formula for 4>k(n) given 
in Theorem 13.21 We then apply the formula for <pk( n ) to (hi) determine the min-max function 
min(max(|V(i?i)|, |V(i?2)|)) where both H\ and H2 are induced subgraphs of Qk, and together 
they cover all the edges of Qk- We show that this min-max function is given by the formula in 
Theorem 14. 1[ 

The remainder of the paper is organized as follows. 

In Section [2] we recall the celebrated Katona-Kruskal Theorem that describes when exactly an 
integral vector of Z rf+1 is an /-vector of a (d — l)-dimensional simplicial complex. We then derive 
some helpful tools: Claim 12.51 and Lemmas 12. 7| 12.81 and 12.9^ that we will use in the following 
section. 

In Section [3] we use what we have derived in Section [2] to derive our main Theorem 13.21 that 
determines the exact maximum number of full vertices an induced subgraph on n vertices of Qk 
can have. 

In the final Section [4] we apply Theorem 13.21 from the previous section prove Theorem 14. 1( 
that determines min(max(|V(i2i)|, |V(i?2)|))) the function of k G N where Hi and H2 are induced 
subgraphs of Qk, and together H\ and H2 cover all the edges of Qk- 



Notation and terminology The set of integers will be denoted by Z and the set of natural 
numbers {1, 2,3,.. .} by N. For n G N let [n] = {1, . . . , n}. For a set X denote the set of all subsets 

of X by 2 X . Denote the subsets of X of cardinality i by (?) , so for X finite we have (?) = ( • ) • 

For S C 2 X and y X, let S « {y} = {S U {y} : S G S}. 

Unless otherwise stated, all graphs in this article will be finite, simple and undirected. For 
a graph G, its set of vertices will be denoted by V(G) and its set of edges by E(G). Clearly 
E(G) C (^^2 ) the set of all 2-element subsets of V(G). We will denote an edge with endvertices u 
and v by uv instead of the actual 2-set {u, v}. By an induced subgraph H of G we mean a subgraph 
H such that V(H) C V(G) in the usual set theoretic sense, and such that if u,v G V(H) and 
uv G E(G), then uv G E(H). If U C V(G) then the subgraph of G induced by V will be denoted 
by G[U]. 

For k G N the hypercube Qk in our context is a simple graph with the 2 k vertices {0, l} fc , and 
where two vertices x, y G {0, l} k are adjacent iff the Manhattan distance d(x, y) = Yli=i \ x i~ Vi\ = !• 
So, two vertices are connected iff they only differ in one coordinate, in which they differ by ±1. 
The vertices of the hypercube Qk are more commonly viewed as binary strings of length k instead 
of actually points in the fc-dimensional Euclidean space. In that case the Manhattan distance is 
called the called the Hamming distance. We will not make a specific distinction between these two 
slightly different presentations of the hypercube Qk- In many situations it will be convenient to 
partition the hypercube Qk into two copies of Qk-i where corresponding vertices in each copy are 
connected by and edge. If b G {0, 1} and = {x G {0, l} fc : Xk = b} is the set of binary strings 
of length k with fc-th bit equal to b, then clearly each of Q\_i '■= Qk[Bo] and Q\_ 1 ■= Qk[B\] 
are induced subgraphs isomorphic to Qk-i, and (i) V(Qk) = V(Q { 1_ 1 ) U V(Q\_ 1 ) = Bq U B\ is a 
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partition and (ii) E(Qk) = E{Q® kl ) U E{Q\_ l ) U C^-i is also a partition of the edges where 

C k ^ = {{(x, 0), (x, I)} :ie V(Q h -i)}. 



For b € {0, 1} and x E V(Qk-i), the copy of (x, b) 6 V(Ql_ l ) is the vertex (x, 1-6) € V(Q^), and 
these well be referred as copies. This decomposition of will be denoted by Qk = Q^-i ^ Q\-v 



2 Some properties of the upper boundary function 

The following proposition on the binomial representation of an integer is stated in [16] and in [9], 
and a simple proof by greedy algorithm can be found in the latter citation. 



Proposition 2.1 For m,i £ N there is a unique binomial representation (UBR) of m as 

'iH-1 



m 



. n, 

i-lj \ j 



where > rij_i > • • • > rij > j > 1. 

For m, i £ N one can use the UBR to define the upper i-boundary of m 



(2) 



Proposition 2.2 For a /ixee? j £ M the function m i— >■ is increasing. 



Proof. For m,i 6 M consider the UBR of m as in ([2]). 
If j > 2, then 



m + 1 



+ 



is the UBR of m + 1 and so (m + l) (i) = m w + pT 1 ) = m®. 

Otherwise j = 1, and hence there is a largest index £ £ [i] such that = n\ + h — 1 for all 
/i 6 {l,...,f}. In this case we have n^ + i > + 1 = ni + 1 and 



m + 1 



+ '.-0 + - + GTi) + ( B1+ /" 1 ^ 



+ 



and hence 



(m + 1 



,«) _ m « 



i - 1 



ni + 4 
+ 1 



+ ••• + 



t + l 



+ 



m + e-i 

£ + 1 



+ 



+ 



m. 



□ 
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We see from the above proof when exactly the function m i— > m" is strictly increasing; namely, 
whenever the last binomial coefficient in the UBR of m has the form then (m + l)w = 

m" + ni > . In particular, for i < n we have 

n\ /n — 1\ (n — 2\ ( n — i 



i / \ i ) \ % — 1 / \ 1 

and hence the following observation. 
Observation 2.3 For i,n£ff wii/i i < n then 

/ \ (i) / \ (i) 



./ V = W - ( "- !)< V! 

In this article the f -vector of a (d — l)-dimensional simplicial complex A will be given by 
/(A) = / = (/-I, /o, fi, ■ ■ ■ , fd-i) ^ where /j = /j(A) denotes the number of i-dimensional 

faces of A. For convenience we include the empty face in A. Since by convention dim(0) = — 1 
then we always have /_i = 1. The following celebrated result proved independently by Kruskal [llj, 
Katona [10] and Schiitzenberger [15] , is usually called the Kruskal- Katona Theorem, since it was not 
realized at first that Schiitzenberger had the first proof. It is sometimes called the KKS Theorem 
for short. 

Theorem 2.4 An integral vector f = /o, /i, ■ ■ ■ , fd-l) £ 1^ d+1 is an f -vector of a (d — 1)- 

dimensional simplicial complex A if and only if < fi < /,_-, /or eac/i i G {1, . . . , d — 1}. 

Although we will not regurgitate the proof of Theorem 12.41 here, a few comments about it will be 
useful for us here in this section. - Note that a simplicial complex A on vertices V = {v\, . . . , v n } 
can be viewed as an abstract simplicial complex; a collection of subsets of [n] satisfying (1) {i} € A 
for each i £ [n], and (2) F C G G A F G A. For each i we can linearly order the z-element 
subsets of N in the reverse lexicographical order. So for i = 3 the order would start as follows: 

{1,2,3}, {1,2, 4}, {1,3, 4}, {2, 3, 4}, {1,2, 5}, {1,3, 5}, {2,3, 5}, 
{1,4, 5}, {2, 4, 5}, {3, 4, 5}, {1,2, 6}, {1,3, 6}, {2, 3, 6},... 

For an integral vector / = fo, fi, ■ ■ ■ , fd-l) 6 Z d+1 let A^ C 2^ consist of the first 

z-element subsets of N in the reverse lexicographical ordering for each i G {0, 1, ... ,d}. The proof 
of Theorem 12.41 is based on proving the equivalence of the following three statements [16J. 

1. The integral vector / is an /-vector of a simplicial complex A. 

2. A j is a simplicial complex. 

3. fi < /S for each i G {1, . . . , d - 1}. 

The hard part of the proof is the implication 1 =^ 2. 

For a fixed i we have a well-defined function m i— > which we will refer to as the upper 
boundary functioi^ or the UB function for short. The remainder of this section will be devoted to 



'as a function this has been called the "pseudo power function" [12] ■ It is similar to the "upper boundary 
operator" [6]. 
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the derivation of some properties of the UB function. We will, in part, use the above equivalence 
to prove these properties. 

For one such property of the UB function, let i, mi, rri2, A G N be such that mi, m 2 < {^.\ and 
consider two integral vectors in Z i+2 

By Theorem 12.41 both A^ and A^ are simplicial complexes. Assume we have disjoint representa- 
tions A^ C 2^1 and Aj 2 C 2^- 2N ^ N ^ (where in the latter representation N has been added to each 
element of each set in Aj 2 ) and let A := A^ U Aj 2 be their union. By definition A is clearly a 

simplicial complex with /j_i(A) = mi + ?n 2 and /j(A) = mf 1 • By Theorem 12.41 we have the 

following. 

Claim 2.5 (mi + m 2 )^ > + ■ 

Let J-i(N) denote the first A elements of of ( . ). We clearly have then (i) \J r i(N)\ = A for 
i > 1, (ii) Ji(iVi) C Ji(JV 2 ) iff Ai < A 2 , (iii) Ti (({)) = and by definition of A ; ~ here above 
we have for an /-vector / of a simplicial complex that (iv) 

A; = Mf-i) U Ji(/o) U • • • U JkCfd-l)- 

(v) Finally note that if |X| = i and |Y| = i + 1, then by Theorem 12.41 we have that X C Y G 
Ji+i(JV w ) implies that A G -^(A). 

For A G N, mi < (^) and m 2 < (-^i) let ji = min(m2 , mi) and consider two integral vectors 



N\ (N\ { A 



0/' 'U-2 



By the Theorem l2.4l both A ^ and A j 2 are simplicial complexes of dimensions i and i—1 respectively. 
Assume we have abstract representations A^ C 2^ and Aj 2 C 2^ and let 

A = A h U (A /a l±) {A + 1}) C 2 [Ar+1] . (3) 



Claim 2.6 A /rem is a simplicial complex of dimension i. 
Proof. For £ G {0, 1, . . . , i - 1} we have ( [Ar ^ 1] ) C A and 

An ( [A \ +1] ) = ^(^i) U (^-i(^)W{A + l}) 



We only need to check FCGeA^FeAforFeAn ( [iY + 1] ) and Ge An • Here there 

are three cases to consider. 

(a) N + 1 F, G: Here we have F C G G F i+1 {mf) and hence F G ^(mi) C A. 

(b) JV + 1 G F, G: Here G G Fi(fi) W {iV + 1} and hence G \ {N + 1} G F l (fi) C Fi(m 2 i_1) ) 
Since F \ {iV + 1} C G \ {iV + 1} G ^(mj -1 ^, we have F \ {N + 1} G Fj_i(m 2 ) and hence 
F G Fi_i(m 2 ) W{JV+1} C An ( [Ar + 1] ) and so F G A. 

(c) N + 1 F and N + 1 G G: As in (b) we have G G Fj(/z) l±) {iV + 1} and hence F = 
G \ {N + 1} G FiO) C Fi(mi) C A n ( [iV + 1] ) and hence F G A. 

Therefore we have FCGgA=^>FgA for all F and G, and this completes the proof of the 
claim. □ 

For the /-vector of A in Claim [2761 we have 

/i-i(A) = |Fi(mi)| + |(Fi_i(m 2 ) W {iV + 1})| = mi + m 2 , 

and 

/i(A) = |Fi(mf)| + |(Fi_i(/x) W {N + 1})| = m? + min( m f Vi). 
By Theorem 12.41 we obtain the following lemma as a corollary. 

Lemma 2.7 For mi,m 2 ,i G N we /jai>e 

(mi + m 2 )® > m$ + min(m2 1 , fn\)- 
Let mi,m2,i, N G N be such that mi + m 2 < Q^i)- By Lemma [2771 we get 

mi + m 2 + > f . + min f (mi + m 2 ) (4_1) , f^ll ■ 

By assumption and Proposition 12.21 we have (mi + m 2 )^~ 1 - 1 < (^) and hence 

min y(mi + m 2 )^ 1 \ = ( mi + n^)^ -1 ). 

By Claim [2751 we therefore have the following. 

Lemma 2.8 For mi,m 2 , i,N G N mm mi + m 2 < we have 

(N\\® (i _D / AT 

mi+m 2 +l^ll > m^ ' + m 2 + _|_ 

Our final objective in this section is to prove the following 
Lemma 2.9 If < m, mi, m 2 < (^) and mi + m 2 = m + f . ) i/ien 



AT 
i + 1 



mf 1 + mf < m W + 

To prove Lemma 12.91 we let P(i) be the statement of Lemma 12.91 for a fixed i G N. 



G 



P(i) : For all nonnegative integers m,mi,m2,N that satisfy < m, mi,m,2 < (A and 
mi + m-2 = m + (^) we have m^ + m% < m(*) + Q+j) • 

We let Q(i) be the following seemingly weaker statement for a fixed i 6 N. 

Q(i) : For all nonnegative integers m,m\,m%,N that satisfy < m < mi < m,2 < (^) 
and mi + m-2 = m + (^) we have rrJp + < £® + (^i 1 ) > where 

- = (i) + - + (?>™> = (?) + - + (?) (4 » 

are their UBR, and mi + m2 = x + where x > 0. 

We now briefly argue the equivalence of P(«) and Q(i). 

P(i) Q(i): Let i 6 N be given. Suppose < m < m\ < m-2 < (^) and mi + m-2 = m + (^), 
and the UBR of mi and m-2 are given as in @, then by assumption we have m,2 < < Ci)- 

Hence < m\,m2 < an d x > 0. By P(i) we then obtain m^ + < a;® + so we 

have Q(i). 

Q(i) =4> P(i): Let z G N be given. Suppose < m, mi,m2 < (j) and mi + m-2 = m + ( .). If 
m2 = f^), then P(i) is trivially true. Also, by symmetry we may assume that mi < m2, and so 
we may assume < m < mi < m2 < (^) and therefore we can apply Q(i). Repeated use of Q(«), 
say j > 1 times, will eventually yield 

mf + mf < x» + 

where Hi + j = N and x = m > 0, which is P(i). 

Therefore for each i£N the statements P(i) and Q(i) are equivalent. 

Proof. [Lemma I2.9| We will use induction and prove P(i) for all i G N. For i = 1 we have 
x^ = (2) for any integer x, so proving P(l) amounts to showing that m\ + m\ < m 2 + A 2 when 
m, mi,ffi2 < -A and m-i + m2 = m + A which is easily established. 

We proceed by induction on i, assuming the equivalent statements P(i — 1) and Q(i — 1), and 
prove Q(i). Assume < m < mi < m 2 < (^). Let the UBR of mi and m-2 be as stated in By 
assumption we have x, < y{. 

If x' = mi — {^f\ and y' = 7712 — (^), assume for a moment that x' > y'. Then by the UBR 
of mi and m-2 we have yi > Xj > Xj_i > y%—\. If now m[ = ( x ?) + y' and m 2 = (^) + x', then 
mi + m2 = m'i + m 2 and m\ < mi < m<i < m 2 . Since Xj > y%~i and y^ > Xj_i we have 

- ((,;'!) + ^ i, ) + ((,: 1 )-' <i i 

/(i) . /(i) 

= mi + m 2 • 

Therefore we may further assume that x' < y' . We now consider two cases. 
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First case x' + y' > Q*-,) : In this case we have x' + y' = x" + for some x" > 0. 

Since x' < y' we have Xi-± < Xi <yi and yi-\ < yi and hence from the UBR of x' and y' we have 
x" < x' < y' < L^i)- By induction hypothesis Q(i — 1) we then have x'^ ^ + y ,<K% ^ < x"^ + 
and hence 



mf +m f = ((*<) + *')"'+( ft) + »')'" 

- G: 1 ) + ^ 1,+ G"i) + ^ 1 ' 

If x = (^) + x", then since x" < x', we have = + x"^ -1 ^ and x + = m-i + wi2- From 

above we then have + < x^- 1 + ( J ji 1 )> thereby obtaining Q(i) in this case. 
Second case x' + y' < Q^) : Note that for every &€{!,..., Xj} we have 



i-1 )' 



By assumption of Q(i) we have m,2 < ( - ) and mi + m2 > (^) and hence by the UBR of ni2 we 
have mi + m2 > ( Vi ^ 1 )i ° r + x' + y' > Therefore there is a unique S {1, . . . , Xj} such 

that 

± (?_-/) + ^ C > z: (?_"/) 

Hence Y^e=i (?-"/) + x' + y' = 5 + ( >J where < 6 < (^T^) • Since ?/, > x { > Xj - k we have 
further C*-,) > {^Zi) an d hence 

By Claim [231 and then by induction hypothesis P(i — 1) we have 

£ ( Xi 7 e ) + x'^ + j^" 1 * = £ (^J £ ) + x'^ + 
£=1 ^ 1 ' i=l ^ * 1 ' 



_ t- 1 

i - :i 
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Note that by definition of 5 and its range, we have mi + m.2 = x + where x = fc ) + J and 

also 



Since 




we then finally get 

(i) . (i) ( Xi \ ,(j_i) / yi \ ,(j_i) 

mj' + mj = ( ■ _|_ -j) + x ^ ( ■ ^ }) ^ 

- (■ i + - 1 >^:(^: ^ ) w<i " 1,+ C^) +/i " 1, 

-■"-err 

which is Q(i). This completes the inductive proof that P(i — 1) and Q(i — 1) imply Q(i), and so 
this completes the proof of of Lemma 12.91 □ 



3 The main theorem 

In this section we use results from previous section to prove our main result of this article Theo- 
rem 13.21 here below. 

Let k £ N and S C V(Qk)- Call a vertex/binary string of a subgraph G = Qk[S] of the k- 
dimensional hypercube Qk full if its degree is k in G. For n £ [2 k ] Let 4>k{ n ) denote the maximum 
number of full vertices of an induced subgraph of Qk on n vertices: 

M") = . ™ a ^, l{* G S : d Q k [s](x) = k )- 

SCV(Q k ),\S\=n 

Clearly cj)k(2 k ) = 2 k as every vertex of Qk is full. If n < 2 k and S C V(Qk) contains n vertices and 
induces 4>k( n ) full vertices in Qk, then we can by symmetry of Qk (or relabeling of the vertices) 
assume that the vertex corresponding to the binary string consisting of k l's is not in S. In this 
case a vertex/string in S with the maximum number of l's is not full in QfcfS 1 ]. In particular we 
have 4>k( n ) < n> for each n < 2 k . 

Observation 3.1 For fcGNioe have: 

1. If n < 2 k then (pk( n ) < n - 

2. The function <p k : [2 k ] -> [2 k ] is increasing. 
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Remark: By Observation 13,11 we see that (j>k cannot be strictly increasing. 

Note that every n G [2 k ] has a unique hypercube representation (HCR) as n = Y?e=o (f) + m 
where < m < (^-J • The main result of this section is the following. 

Theorem 3.2 For k £ N and n £ [2 k ] with HCR n = £j =Q (*) + m > then 

We will prove Theorem 13.21 by induction on k. In order to do that, we will first derive a recursive 
upper bound for </>fc(n). 

Let S C V{Qk) be a set of n vertices/binary strings, and let Ff : (S) C 5 be the vertices of S that 
are full in Qk[S]. Looking at the decomposition Qk = let Sb = SnV(Q b k _ 1 ) for b = 0, 1 

and nb = \Sb\- Clearly S = So U Si is a partition and we have no + n\ = n. Note that for b G {0, 1}, 
a vertex in S& is full in Qfc[S] iff (i) it is full in Q\_i[Sb], and (ii) its copy is contained in S\-b- By 
(i) and (ii) the number of vertices in Sb that are full in Qk[S] is at most min(0fc_i(nb), ni_&), that 
is \Fk(S) D <S&)| < min(0fe_i(n(,), ni-&). Since F^S) = (Fk(S) H So) U (i*fc(S) fl Si) is a partition we 
then have 

|F fc (S)| = |F fe (S) n S | + |-Fjfc(S) n Si| < min(0 fc _i(n o ),ni) + min(<^ fc _i(n 1 ),no). 
By definition we then have the following recursive max-min upper bound 

4> k (n) < max (min(^ fc _i(n ), ni) + min(<£ fc _i(m), no)). (5) 

Note that is impossible to have rib < <f>k-l(ni-b) for both b = 0, 1, since then no < <^fc-i(ni) < 
n i < ^fc-i( n o) < n 0) a blatant contradiction. From this we see that © can be written as 

<t>k(n)< max (min(^ fc _i(n ) + <fo._i(ni), n + 0fc_i(n o ), n-i + <^-i(™i)))- (6) 

no+ni=n 

Further, by symmetry the maximum in ([6]) is attained when no > ni, in which case we have 
n\ + (f>k-i(ni) < no + (no). Hence we obtain 

<t>k{n)< max (min(0 fc _i(n o ) + <f>k-i(ni), n\ + (f>k-i(ni))). (7) 

no+rii=n,nQ>ni 

Let /fe(n) be the function on the right in the displayed formula in the above Theorem 13.21 

1=0 w 

where n = ^£=0 (<D + m is its HCR. We first show that 4>k(n) > /fc(n) by explicitly show that an 
induced subgraph on n vertices of Qfc can have fk(n) full vertices. Then we will show that fk(n) 
satisfies 

fk(n)= max (min(/ fc _i(n ) + /fc-i(ni), n x + /fc-i(ni))), (8) 
no+ni=n,no>ni 

which by (J7J) shows that /fc(n) > 4>k{ n )- 
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For k G N let n £ [2 k ] with HCR n = Y?t=o (*) + m - To show that <M n ) > fk(n) we construct 
an induced subgraph of Qk on vertices with fk(n) full vertices as follows. Let S C V(Qk) be the set 
of n vertices containing all X^=o (j) binary strings having at most i l's in their representation, and 
the first m binary strings with exactly i + 1 l's in their representation in the lexicographical order. 
Note! Here a binary string represents the opposite subset of [A;]; where the j-th bit is indicates that 
j is included in the subset. In this way the binary strings are ordered as their corresponding subsets 
of [k] in the reverse lexicographical order. Clearly every vertex in the induced graph Qfc[S] C Q k 
with at most i — 1 l's in their representation is full, these amount to X^=o (<D ^ uu ver ti ces - Also 
note that none of the m vertices with exactly i + 1 l's in their representation is full, as they are 
not connected to any vertex with i + 2 l's in Qk[S}. Among the (^) binary strings in S containing 
exactly i l's, we briefly argue that m^ - * -1 ) of them are full in the following way. 

Consider the (k — i — l)-dimensional simplicial complex A s where 

/-(Q--GJ_ 2 )—"- I, ) £Z '- m 

Note that A^ n ((j.^) U ( fe _^_ 1 )J is represented by the bipartite subgraph G of Q k [S] induced by 
the binary strings containing exactly i or i + 1 l's, where two stings are adjacent in G iff for their 
opposite sets the smaller one, with k — i — 1 elements, is contained in the other one with k — i 
elements. 

Since each of the m^ - * -1 ) subsets from ( fc ^) n Aj has all of its k — i — 1 subsets among the m 

subsets from A^ n then the representing m^ - *" 1 ) opposite binary strings in G, containing 

exactly i l's, are each connected to all the k — i opposite binary strings among the m ones in G, 
that contain exactly i + 1 l's. Since each binary string in G C Q/JS 1 ] with i l's is clearly connected 
to all i binary strings with i — 1 l's in Qk[S], we see that each of the mentioned m^ -1 " 1 ) opposite 
binary strings in G C are full. This shows that Qk[S] is an induced subgraph of Qk with n 

vertices and at least fk(n) full vertices. Therefore we have </>fc(n) > fk(n). 

To complete the proof of Theorem l3.2l we show that /&(n) satisfies ©, which by (J7|) then implies 
that 4>k( n ) < fk( n ), and hence <ftk( n ) = fk( n )- This will occupy the remainder of this section. To 
show ([8]), we will show that fk(n) > min(/fc_i(rto) + /fe_i(ni), n\ + whenever n^ + rii = n 

and no > n\. There are all together six cases we will consider to verify this inequality; the first 
case (A) has two sub-cases (Al) and (A2), the second case (B) has four sub-cases (Bll), (B12), 
(B21) and (B22). 

Case (A) fk-i{ n o) > n i- Here we want to show that /fc(ra) > n\ + fk-i( n i)- By definition 
of fk(n) we have here that no > /fc-i(«o) — n i- Since fk-x is increasing there is a critical pair 
(rag,ra*) summing up to n such that (i) /fc-i(^o) > w*, and (ii) fk-i(riQ — 1) < n* + 1. Clearly we 
have no > Uq and n\ < n|, and so rii + /fe_i(ni) < + fk-i{ n i)- It therefore suffices to show that 
/*(n) > r»J + Let n = ^ko ffl + m be its HCR. Since < m < = (^) + ('t 1 ), 

we consider two sub-cases. 

Sub-case (Al) < m < ( k ^ 1 )'- Here in this case we have a bipartition n = n' + where 

<=e(V)' »',=e('; 1 ) + "' < 9 > 
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for which 



and hence, by definition of ng and nf , we have n$ > n , n* < n^ and so 



£=o v " ' 1=0 



where m,Q,m* > are integers, uiq + = m, and (i) m^ fe ~ ,_2 ' > mj and (ii) (toq — l)( fc_ *~ 2 ) < 
+ 1. Now note that fk(n) > n\ + fk-i{ n \) is, by definition of fk—i, equivalent to m^~ 1-1 ^ > 

m* + m*^~ l_1 ), which is implied by m^ % ^ > mm(ml,m^ k ~ l ~ 2 ^) + m\^ i ^ 1 \ which holds by 

Lemma 12.71 since trq + m* = m. 

Sub-case (A2) ( k ^ 1 ) < m < Qi): Similarly to Sub-case (Al) we have here in this case a 

bipartition n = n + n' x where 



e=o v " y £=o 



where m' = m — ( k ^) for which 



/wW = E V +m ' (H_2) -"' 1 (12) 

and hence again, by definition of ng and n*, we have rig > n , < and so 



'h: 

1=0 v " y £=0 



where nig > m' and mi < (^j 1 ) are integers, nig + m* = m, and (i) mj^ * 2 ^ > and (ii) 
< m* + 1. Exactly as in the previous case (Al), we note that fk(n) > n\ + /j._i(n*) 
is by definition of fk-i, equivalent to m^ - * -1 ) > m\ + m*' fc- * — 1 \ which is implied by m^'~ J_1 ^ > 
min(m*, m*! 4 ' 1-2 )) _)_ which again holds by Lemma 12.71 since raj + m* = m. 

Case (B) fk-i(no) < n\\ Here we want to show that fk(n) > /fc-i(ng) + fk-i(ni). By 
definition of /fc(n) we have here that no > n\ > /fc-i(no). Let n = YTe=o (e) + m be its HCR. 
Since < m < = + we consider the two cases of whether < m < or 

Sub-case (Bl) < m < x ): As in case (Al), we have a partition n = n' Q + n' x given by ([9]) 
such that we have (jlOH . The two sub-cases here, (Bll) and (B12), depend on whether no > n' or 
n < n' . 

Sub-sub-case (Bll) n > n in (jSJ): Considering the critical pair (n^ra*) from Case (A), we 
have here that n < uq < and hence 

n ° = iz [ i 1 ) + m °' ni = Yl [ i 1 ) + mi 

£=0 V J 1=0 V 7 



12 



where < mo < mo*, m* < mi < m, and m-o+mi = m. Now note that fk(n) > fk—i(no)+fk—i( n i) 
is by definition of fk-i, equivalent to 

m (*-i-D > m ( fe ^- 2 ) + (13) 

By definition of m,Q we have m fc 1 2 ^ < m*^ k ~ % ~ 2 ^ < m\ < mi and hence (fT3j) is equivalent to 
(mi + mo)^" !_1 ' > m[ fc 1 ^ + min(m fc 2 2 \mi), which is implied by Lemma 12.71 

Sub-sub-case (B12) n < n' Q in ©: Here we then have n/2 < n < n' and n' x < n\ < n/2, 
and hence 

where < mi < mo and mo + mi = m + (^y 1 )) an< ^ hence ^m + (^y 1 )) /2 — m i < ^0 < 

( fc T 1 ). Here f k (n) > /fc-i(no) + /fc-i(ni) is by definition of / fc _i, equivalent to (*~*) + m^ - * -1 ) < 

m Q fc * ^ + m Q fc * 1 \ which holds by Lemma 12.91 

Sub-case (B2) ( fc ~ 1 ) < m < ( : As in case (A2), we have a partition n = n' + n' x given by 



(fTTI) such that we have (fl2j) . As in the case (Bl), the two sub-cases here, (B21) and (B22), depend 
on whether uq > n' or no < n' . 

Sub-SUB-case (B21) uq > n in (llip : Considering the critical pair (n^ra*) from Case (A), we 
have here that n < no < and hence 

fcO V 7 £=0 V 7 

where m' := m — (^J 1 ) < mo < mo*, m^ < mi < (^y 1 )' an< ^ m + m i = Now note that 
fk(n) > /fc-i(n ) + /fc-i(ni) is by definition of / fc _i, equivalent to 

m v ; > m Q + m^ . (14) 

Since mo < m.Q — 1 we have by definition of m^ that m Q fc * 2 ' < (mj — l)( fc ~ l ~ 2 ) < rn^ + 1 < mi 

and hence f)14f) is equivalent to (mi imo)^ - ^ 1 ' > m± 1 +min(m fc * , mi), which is implied 
by Lemma [2771 

Sub-sub-case (B22) n < n' in (fTTI) : Here we then have n/2 < n < n' and n! x < ni < n/2, 
and hence 

n ° = (* 1 ) + m °' 711 = E (* £ 1 ) + mi 

£=0 V J £=0 V 7 

where m//2 < mo < m' and < mi < m'/2, and mo + mi = m' = m — ( k ^ 1 )- Here /fc(n) > 

fk-i{ n o) + /fc-i( n i) is by definition of fk-i, equivalent to m^ - * -1 ) > m^ % 2 ' + m^ % 2 ^ + (^~|) • 

Since m = mo + mi + (^^-i) ^ ms follows from Lemma 12.81 

In all the above six cases (Al), (A2), and (Bll), (B12), (B21) and (B22), we have that f k {n) > 
min(/fc_i(no) + fk-i(j l l)i n i + /fc-i( n i)) whenever no + ni = n and no > n\. This shows that fk(n) 
satisfies dHJ) and therefore that 4>k{n) < fkip), which completes the proof of Theorem 13.21 
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4 An application 

In this section we apply the main result of the previous section, Theorem [321 to determine the value 
min(max(|V(iii)|, \V(H 2 )\)) where (i) Hi and H 2 are induced subgraphs of Qk, and (ii) together 
Hi and H 2 cover all the edges of Qk- The main (and the only) theorem in this section is the 
following. 



Theorem 4.1 For k £ N we have 

[k/2] 

(max(\V(H,)\,\V(Hi)\)) = 

E(H 1 )UE(H 2 )=E(Q k ) 



nnn (W(|F(iTi)|, \V(H 2 )\)) = £ + (k mod 2) ^ J . 



k\ ^n\f k ~ 1 \ 



The rest of this final section will be devoted to prove Theorem 14.11 
Assume k is even and that |V(£Ti)| < Ylffo (*)■ In this 

case we have 

£=0 v 7 1=0 v 7 \ V / / 

By Observation 13. 1\ Theorem 14.11 and Observation 12.31 we obtain the following. 

'fc/2-1 



k 
k/2 



MV{Hi)\) < <j> k ( E Q) H 

k/ ^Z 2 / k \ ( ( k \ \ (fc/2) 

- e ©+((*/*) - 1 ) 



£=0 
fe/2-2 



£=0 
fc/2-l 



E (*) " */2 



< 



£=0 
fc/2-1 

E '* 

£=0 



Since every vertex in Qk that is not full in Hi is incident to an edge in H 2 and is therefore a vertex 
in H 2 we have that 

fc/2-1 fc/2 

im2)i>iQfci-0fc(inffi)i)>2 fc - £ ( )=£(; 

and hence max(|V(-Hi)|, | V(-H"2) I) > X^=o On * ne other hand, if Hi and H 2 are the subgraph of 
Qk induced by binary strings of length k with at most k/2 0's and with at most k/2 Is respectively, 

then \V(Hi)\ = \V(H 2 )\ = Z k e Ll ({) and hence max(|y(#i)|, |F(i? 2 )|) = E?=o (*)■ Hence ' as H ^ 
and ^2 cover all the edges of Qk, then Theorem 14.11 is valid for even k. 
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Assume k is odd and that 

[k/2] 



1=0 

and hence 

(*-l)/2 



i^)KEG>(^). 



i^„ £ eC) + ((V)-0- 



<!=0 W VV 2 

As in the even case, we obtain here by Observation 13. 1\ Theorem 14.11 and Observation 12.31 that 

£=0 
(Jfc-3)/2 



£=0 V 7 V 2 



Again, since every vertex in Qk that is not full in H\ is incident to an edge in H2 and is therefore 
a vertex in H2 we have that 



(fc-3)/2 (fc-l)/2 / x / ,v 

im)i>io*i-^(im)i)>2 fc - E (")-(mi) = E C) + (V) 



and hence 

max(|y(i7 1 )|,im 2 )l)> E (/J + ( LJb/2 jJ- 

On the other hand, considering the subgraphs i?i and i?2 of Qfc induced by binary strings of length 
k, where H± is induced by the strings with at most (k — l)/2 l's among the first k — 1 bits, and 
H2 is induced by the strings with at most (A; — l)/2 0's among the first k — 1 bits, we have that 

|F(#i)| = \V(H 2 )\ = 2 (e£ 1)/2 (V)) and hence 

mW oi,i^)i)-(g /2 (^^| J C) + (^j)- 

Hence, as -Hi and #2 cover all the edges of Qk, then Theorem 14. II is valid for odd k. This completes 
the proof of Theorem 14.11 
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